We report the results of simulations of magnetic skyrmion stability in ultrathin magnetic multilayer nanodots with interfacial Dzyaloshinskii-Moriya exchange interaction (DMI). We found that in presence of the lateral confinement the magnetostatic energy significantly influences the skyrmion stability and leads to stabilization of large radius skyrmion even at low values of the DMI strength, in addition to small radius skyrmion stabilized by DMI. In particular, stabilization of the skyrmion state with two different radii (bi-stability) is found in dipolarly-coupled (Pt/Co/Ir)n circular nanodots with the number of repeats of the unit cell n = 3 and 5. The bi-stability range is located at the DMI strength of 0.9-1.1 mJ/m 2 or at the total Co-layer thickness of 2.2-2.6 nm.
in exchange-coupled Co/Pd multilayers at room temperature. The skyrmion stability in infinite ferromagnetic film was studied by a semi-analytic approach and two types of skyrmions with different radii were found to be stable in some cases [13] . It is expected, that lateral confinement modify the conditions for the skyrmion stability significantly [9, 12, [14] [15] [16] [17] .
Recent studies demonstrated, that the magnetic skyrmions are promising candidates for solving problems with unstable data storage, when size of the memory unit cells is decreasing below a critical size resulting in data loss [18, 19] . It was shown that the skyrmions with opposite core polarities reveal hysteresis behavior when external magnetic field is varied [5] . This feature is of interest to design a new generation of data storage devices. In Ref. [14] the stability of a Néel skyrmion in circular nanodot was studied, and it was shown that due to the dot edge presence, the skyrmions with the sizes R s /R (R s is a skyrmion radius) between 0.50 and 0.78 are stable above critical value of DMI, D C , for the dot radii R=25-100 nm. In this study, the magnetostatic interaction was accounted as an effective uniaxial magnetic anisotropy.
However, increasing the dot thickness the magnetostatic energy is expected to play important role in skyrmion stabilization even in ultrathin films/dots and should be taken into account [12, 16] . The main two results of the present paper are as follows. Firstly, we show how the lateral confinement and corresponding magnetostatic energy lead to stabilization of the large radius skyrmions, if DMI strength is weak. Secondly, we show that due to the lateral confinement and strong magnetostatic interactions, the skyrmions can be bi-stable in multilayer circular dots even at zero magnetic field.
II. RESULTS
A Néel skyrmion can be stabilized in a ultrathin dot within a finite range of interfacial DMI values, D. This range depends on competition of the DMI, exchange, anisotropy and magnetostatic interactions. The control of the magnetostatic interaction is realized by changing the number of the repeats, n, of the Co layers in the stack (Fig. 1) . For a description of the skyrmion we use the reduced magnetization components m = M /M s = (m r , m φ , m z ) in the cylindrical coordinate system with the z axis directed along the dot thickness. Figure 2 shows the dependence of normalized skyrmion radius R sk /R for n = 1 − 9 repeats of the ferromagnetic layer of thickness, t Co = 0.6 nm, with Co-Co separation 1.8 nm, dot radius R=250 nm and magnetic parameters corresponding to Pt/Co/Ir dot given in Methods. The static skyrmion states were simulated with the procedure described in Methods. All considered skyrmions possess the same core polarity, m z at the center of the dot, it is -1.
We can distinguish two types of skyrmions, small size and large size or bubble skyrmions, depending on DMI strength D (Fig. 2a) . The clear border between the skyrmions cannot be defined and in some cases there is continuous transition between these two types of the skyrmions when DMI strength is varied, e.g, for n = 1 (red line in Fig. 2a ). We note, that there is strong influence of the number of ferromagnetic layer repeats on the large radius skyrmion stability and size, evidencing that the magnetostatic interaction plays an important role in stabilization of this skyrmion. The smaller skyrmion can nucleate at the DMI strength above 0.92 mJ/m 2 and the range where it can exist decreases as the number of repeats increases. The points marked as D Cn indicate the edges of stability of the small radius skyrmions and inflation points for rapid grow of skyrmion size with increase of the DMI strength for each number n of ferromagnetic layers in the stack. Increasing number of repeats decreases the critical DMI value where stable small radius skyrmion starts to grow. Thus, we conclude that the increase of magnetostatic interaction strength leads to de- creasing the stability range of the small radius skyrmion.
Increasing number of repeats extends the range of DMI where large radius skyrmions can be nucleated. However, the large DMI strength supports Néel-like skyrmion stabilization. Skyrmions with weak DMI strength lose the Néel-like character (the considerable m r magnetization component resulting in extra magnetostatic energy [20] cannot be compensated by DMI), intermediate states between Bloch-and Néel-like skyrmions appear, indicated with open dots in Fig. 2a [9] . Therefore, the hysteresis is a competition between small radius Néel-like skyrmions and large radius skyrmions having non-zero m φ magnetization component (intermediate Bloch/Néel skyrmions [9] ). Further increase of the number of ferromagnetic layer repeats and magnetostatic interaction strength in the layered stack leads to stabilization of the Bloch-like skyrmions even at zero DMI [16] .
It was simulated (see Fig. 2a ) that in some range of DMI and for certain number of the layer repeats, there is bi-stability of skyrmion with the same core polarity, but different sizes. For single layer (n = 1) the bi-stability was not observed, however, it is present for 3 and 5 layers (n = 3, 5). The difference between the large and small skyrmion radii, at the same DMI value, is relatively small for 3 layers (for D = 1.1 mJ/m 2 ), but it increases for 5 layers (for D = 0.95 mJ/m 2 ), and is 75.5 nm and 114.3 nm, respectively. Further increasing the number of repeats leads to destroying of small-radius Néel skyrmion stability. Therefore, the bi-stability can be observed only if magnetostatic interaction have intermediate strength competing with DMI. For 3 layers (n = 3) we performed additional simulations, varying the dot radius R between 100 and 1000 nm. We found that there is a critical value of R that can support the skyrmion bi-stability and it is enhanced for large R. We also note that the range of D where bi-stable skyrmions can exist expands with increasing the dot radius.
As shown in Fig. 2b the total magnetic energy (including the DMI, exchange, anisotropy and magnetostatic energies) drawn as a solid line is higher than the single domain state energy for smaller skyrmion for each case. At higher values of D, the single domain state is no longer ground state, whereas the large radius skyrmion is. It is consistent with the previous observations [21] .
III. FORCES ANALYSIS
Stable skyrmions with different equilibrium radii can be characterized by their relative energies and energy barrier separating them, see Fig. 3a . To investigate the origin of two minima in the energy profile, we have analyzed the total energy and forces (and their components) acting on the skyrmion when the radius is varied. In order to plot the energy profile as a function of skyrmion radius E(R sk ), we use the frozen spins technique (see Methods). Since the DMI is strong enough to ensure the Néel type magnetization twisting, we assume that the frozen spins m z = 0, m r = 1 correspond to the lowest energy state at each radius of the ring, so the change of radius crosses the saddle point in energy function and allows us to estimate the minimum energy path and height of the energy barrier for bi-stable skyrmions.
We replace multilayer dot with simplified system, a single-layer circular dot with effective Co thickness, t Co . That allows to continuously change the magnetostatic contribution to the total energy and study its influence on the skyrmion stabilization. Specific t Co could be also reproduced by a multilayer system with fitted t Co and CoCo layer separation. Figure 3c presents simulated sizes of stable skyrmion states in the nanodot as a function of the layer thickness, t Co . Simulations showed that bi-stability exists and two possible skyrmion states are stable within the range of Co thickness 2.2-2.6 nm.
When the energy profile is calculated at t Co = 0.6 nm, single minimum is present around R sk = 12 nm (R sk /R = 0.048), see Figs. 3d-e, and position of this minimum agrees with skyrmion stabilized without the use of frozen spins. The stabilization of this skyrmion is possible due to canceling of contributing forces: magnetostatic, exchange and anisotropy [12] . These forces are calculated from derivatives of contributions to the total energy with respect to the skyrmion radius R sk and are presented in Fig. 3d as F mag for magnetostatic force and F σ for remaining forces. The sum of all forces ΣF presented in Fig. 3e ) is zero at the energy minimum. The effect of the dot edge plays minor role on stabilization and this skyrmion state is also expected to exist in infinite film [14] . The stabilization of this skyrmion is realized due to the nonlinear change in the magnetic energy as function of skyrmion radius induced when the skyrmion diameter is in order of domain wall (DW) width [13] . [22] When the Co thickness is increased to t Co = 2.38 nm, the skyrmions with two different sizes can be stable. The energy profile as function of the skyrmion radius is presented in Fig. 3a. The energy minima correspond to skyrmion sizes found in Fig. 3a at this value of t Co . Analyzing the force F mag (Fig. 3f) one can observe significant curvature of the function at high values of R sk . The curvature increases with thickness (or M s ) increasing (Fig. 3i) and appears due to presence of the nanodot edge. The edge changes the F mag function and leads to stabilization of large radius skyrmion. Thus, presence of the lateral confinement modifies the magnetostatic energy introducing nonlinearity in the magnetostatic force F mag as function of the skyrmion radius (see Figs. 3f, 3i) , and results in stabilization of skyrmion with size that is not related to the dot radius and DW width. The size of large skyrmion is not fixed to R sk /R = 0.7-0.8 as in Ref. [14] , but is proportional to the magnetostatic interaction strength. The Co thickness 6.6 nm (n = 11) and D = 1.4 − 1.6 mJ/m 2 [10] correspond according to Figs. 2a and 3c to the stable Néel skyrmion with the radius R sk /R = 0.6.
We distinguish two mechanisms of the skyrmion stabilization in nanodots: i) small radius Néel skyrmion is stabilized by DMI when R sk is in range of the DW width, and ii) large radius skyrmion is stabilized by nonlinear increase of the magnetostatic interaction with skyrmion radius increasing. The latter is solely present in confined geometries. The stabilization of these skyrmions is independent and a bifurcation can be present in some cases, leading to the skyrmion bi-stability in nanodots.
Further increase of t Co leads to increase of curvature of the dependence F mag (R sk ), crossing at small values of R sk is not possible and small radius skyrmion becomes unstable (Fig. 3i) . The effect of the nonlinearity in the magnetostatic energy is very pronounced and large radius skyrmion is still stable.
An example shown in Fig. 3a for particular set of parameters exhibits a double well potential separated by small energy barrier, ∆E = 2.33 × 10 − 20 J. The energy barrier height can be enhanced and optimized via control of the magnetic parameters, geometry or external magnetic field. The switching between two skyrmion states can be realized, e.g., by sweeping external magnetic field or applying a field pulse. Therefore, the skyrmion size hysteresis behavior can be realized without presence of a Bloch point as in switching between the skyrmions with opposite polarities [5] .
IV. METHODS
We performed finite-difference time-domain micromagnetic simulations with Mumax 3 solver [23] using a uni- formly discretized grid with the cell size 0.5-1.0 nm x 0.5-1.0 nm x 0.6-4.2 nm. We used a set of parameters, which describes a multilayer thin film with a perpendicular magnetic anisotropy and DMI induced at the interfaces. We took the parameters measured for multilayer Pt/Co/Ir dot in Ref. [10] : saturation magnetization M s = 0.956 MA/m, exchange stiffness A = 10.0 pJ/m, and perpendicular magnetic anisotropy K u = 0.717 MJ/m 3 . They are distributed uniformly in 0.6 nm thick Co layer. Ultrathin Pt/Co/Ir dot total thickness below 2.4 nm can be realized experimentally [10, 11] . To keep magnetostatic interactions between the layers we used air-gap separation instead of the nonmagnetic spacers since the interlayer exchange was neglected. Total thickness of one repeat was 2.4 nm. In order to simulate multilayer stacks we used finite periodic boundary conditions [23] . Magnetization non-uniformity through the thickness was neglected. To overcome staircase effects resulting from the calculation method, we used built-in Mumax function edge smooth.
The calculations of skyrmion size dependence on the DMI strength were performed by starting from an artificially nucleated skyrmion magnetic configuration, relaxing system and measuring the skyrmion diameter (if skyrmion was stable). We increased the interfacial DMI, equilibrated the system at every DMI step and used the previous magnetization configuration as an initial state in the subsequent DMI increase step. Next, the same procedure was repeated decreasing the DMI strength, starting from a large radius skyrmion at maximum DMI value possible. We used frozen spins technique to calculate the skyrmion magnetic energy exploiting the Mumax buildin frozen spin function. The edge of the skyrmion (m z =0, m r =1) is defined as a narrow ring around the center of the nanodot. Such condition facilitates a Néel skyrmion configuration with radius corresponding to the radius of the ring. The rest of the spins are free and relax to a energy minimum. This method does not assume any shape of the skyrmion profile, only its radius, in contrast with the semi-analytical approach [13, 16] . When varying the ring radius we obtain the total skyrmion energy as a func-tion of its radius, see Fig. 3a .
V. CONCLUSIONS
We analyzed influence of the magnetostatic interaction in circular multilayer nanodots on stability of the skyrmion magnetization configurations in ferromagnetic layers. We found that the skyrmions can be stabilized due to two different mechanisms, primary DMI or primary magnetostatic interaction leading to small and large size skyrmions, respectively. We found that these two kinds of the skyrmions can be stable simultaneously in the same nanodot. Thus, we demonstrated bi-stability of the skyrmion configurations with the same core polarities, but different sizes. The bi-stable skyrmions can be obtained in dots with realistic values of the dot sizes and the DMI strength, exchange and anisotropy parameters. Our results open a new route to design and develop a more efficient skyrmion memory, where information is coded as a skyrmion equilibrium size. The simulation approach based on the build-in Mumax function frozen spins is able to estimate the minimum energy path between two Néel skyrmions with different radii.
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